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Buffeting of a Slender Circular Beam in Axial Turbulent Flows

Wen H. Lin*
Argonne National Laboratory, Argonne, Illinois

This paper deals with the buffeting of a slender, circular, flexible beam-rod in an axial turbulent flow. The
principal excitation mechanisms are the turbulent wall pressure fluctuations and the motion-dependent (self-
excited) aerodynamic force caused by the beam motion. On the assumption that the turbulent wall pressure
fluctuations are independent of the beam motion, a linear ‘‘forcéd-vibration”” model is used to determine the
buffeting response of the beam and to investigate the length scale effects of turbulences on the beam buffeting.
Transverse buffeting of the beam in an axial turbulent flow depends largely on the ratio of the longitudinal scale
of the turbulences to the bending wavelength of the beam and on the ratio of the circumferential scale of the
turbulences to the radius of the beam. The spectra and the mean square values of the buffeting displacement of
the beam become vanishingly small, both when either of these ratios is very small (<10 ~2) and when the latter is
very large (>10%). When the former ratio is very large (i.e., the longitudinal scale of the turbulences is very large
compared with the bending wavelength of the beam), the first mode of the buffeting is dominant and other
modes are less apparent, especially the high-frequency modes.

Nomenclature
L
ay - |, o120z
A,y =real part of matrix C,;
L
by - |, 819,21z
B, =imaginary part of matrix C,;
c =viscous damping coefficient of the beam
¢ =speed of sound
C, = matrix of system receptance
E =Young’s modulus of elasticity of the beam
F =self-excited aerodynamic force
H, = first kind of Hankel function of order one
1 =area moment of inertia, i=v — 1
Jo,J; = first kind of Bessel functions of order zero
and one, respectively
k = acoustic wave number, w/c¢;
K, = convective wave number, w/ U,
K, =n7/L, bending-vibration wave number
L =length of the beam
L, =longitudinal scale of turbulences
L, = circumferential scale of turbulences
m =mass per unit length of the beam
n =modal index
p =turbulent wall pressure fluctuations
D = self-excited pressure
P = Fourier transform of p
q = fluctuating aerodynamic force
0 = Fourier transform of g
r =radial coordinate
R =radius of the beam
S, (w) =spectral density of wall pressure at one
point

S,(z,z',0,0",0) =cross-spectral density of p
S, (2,2 ,w) = cross-spectral density of g
S, (z,z27,w) = cross-spectral density of y
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=time

= freestream velocity

= convective velocity

=bending displacement

= Fourier transform of y

=second kind of Bessel functions of order
zero and one, respectively

= axial coordinate

=1/L;,—IiK,

=delta function

=L,/L

=modal damping factor, ¢/2mw,

=L,/R

=circumferential coordinate

=kR

=ratio of fluid density to solid (beam)
density, p/po

=z’ -z

=density of fluid

=density of solid (beam)

=1/L,+iK,

=normal coordinates

=modal shape functions of free bending-
vibration

=R(0’ —6)

=circular frequency

=velocity potential of disturbed fluid

=natural frequency of bending vibration

=w/w,
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Superscripts

() =d?( y/dz?

)’ =d( )/dz

) = complex conjugate

Subscripts

c = convective

Ln =modal indices

D =pressure

q = fluctuating force
y =displacement

Introduction

ISTORICALLY, study of airfoil buffeting goes back to
a 1930s investigation of an English airplane accident.!
Since then many studies have been made of the buffeting and
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gust response of aircraft in turbulent winds; see, e.g., Refs. 2-
10 and their reference lists. Liepmann* was the first to treat
statistically the problem of airfoil buffeting. He considered a
two-dimensional airfoil of a single degree of freedom in an
isotropic, homogeneous turbulence field and in a vortex-street
flow. In 1955, Liepmann® extended his two-dimensional
theory of buffeting to a three-dimensional one, in which the
three-dimensional fluctuations were taken into account. In his
paper on statistical aspects of dynamic loads, Fung® also
treated statistically a rigid airplane to the atmospherical
turbulences and obtained the root mean square value of the
airplane acceleration caused by gusty turbulences.

In the past three decades, the understanding of aero-
elasticity has developed rapidly in many applications, both
aeronautical and nonaeronautical. Aeroelasticity in
aeronautical fields includes the determination of unsteady
aerodynamic loadings on and the structural response of
airfoils, fuselages, missiles, rockets, and spacecraft com-
ponents. Nonaeronautical aeroelasticity encompasses many
areas in civil, chemical, mechanical, nuclear, and naval ar-
chitecture engineering. Among all of the fields of aeroelastic
interests, cylindrical structures play very important and vital
roles. For instance, the slender bodies of aircraft fuselages,
missiles, and rockets and the main bodies of industrial
smokestacks, power transmission cables, oil pipelines, reactor
fuel rods, heat exchanger tubes, and off-shore structures are
primarily made up of slender circular cylindrical shells. These
structural components are subject to unsteady aerodynamic
(or hydrodynamic) forces capable of causing deformation
when they are in operation. Therefore, aeroelasticians are all
concerned with the deformation characteristics of slender,
circular cylindrical shells vibrating in unsteady flows.

The study of unsteady fluid dynamic forces on cylindrical
bodies moving in axial flows (i.e., the mean flows are parallel
to the longitudinal axes of the bodies) became of interest in
the 1950s when Sir Geoffrey Taylor!! developed a flexible,
long cylinder that he set obliquely to a stream of fluid to
simulate the swimming of long, narrow animals. References
12-16 outline the hydrodynamics of the swimming propulsion
by a flexible, infinite cylinder (representing a siender aquatic
animal) and a two-dimensional flexible plate (representing the
flapping wing of a bird or an insect). Sir James Lighthill
thoroughly investigated the hydrodynamic forces on a slender
fish moving in an incompressible flow,!? based on the slender-
body theory.!” The detailed and extensive investigations of
cylindrical structures vibrating in an axial flow started in the
late 1950s. Recent surveys'®!® of subjects involving the flow-
induced vibrations of cylinders reference more than 200
papers. One-quarter of these 200 deal with the external, axial-
flow-induced vibrations of a single cylinder or bundle of
cylinders. Most of them consider the aeroelastic (or hydro-
elastic) oscillations of cylinders (including shells) in laminar
flows. To the best knowledge of the present author, there has
been no formative and rigorous analysis of the buffeting of an
elastic cylinder with multiple degrees of freedom in an axial
turbulent flow. The present study was undertaken to study
analytically the buffeting of a slender, flexible, circular
cylinder in axial turbulent flows and to examine the scalar
effects of turbulent eddies on the buffeting of the cylinder.

Considered here is a long, flexible, circular cylinder im-
mersed in an axial turbulent flow, as shown in Fig. 1. For the
sake of mathematical simplicity and the physical condition of
the slenderness of the cylinder, the simple ‘‘slender-beam”’
theory is used to describe the small motion of the cylinder and
an axially convective flow model to describe the turbulent
motion in the present study. The main excitations are the
turbulent wall pressure fluctuations and the motion-
dependent aerodynamic forces. The turbulence field in the
flow is assumed not to severely modify the motion of the
cylinder; thus, a linear forced-vibration model is used to
determine the buffeting displacement of the cylinder. The
fluctuating wall pressures are considered as purely external
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random forcing mechanisms with homogeneously spatial
distribution, and the motion-dependent aerodynamic forces
are approximated by the slender-body theory.!”2024 Based on
the theory of random vibration, the buffeting response of the
cylinder is formulated in terms of the spectral density of the
wall pressure fluctuations and the receptance of the aero-
elastic system.

Equations of Motion

For simplicity, the following assumptions are made to
formulate the equation describing the buffeting of the
cylinder in an axial turbulent flowfield: 1) the fluid is assumed
to be inviscid, so that the viscous force can be neglected; 2) the
cylinder motion due to fluctuating wall pressures beneath the
turbulent boundary layer is sufficiently small so the linear
beam theory is applicable; 3) the interaction between the
turbulent flowfield and the cylinder motion is negligible.
Buffeting of the cylinder in the turbulent flow is then con-
sidered as the dynamic response of a linear system to the
random wall pressures. The equation of small transverse
motion of the cylinder is

¥y  ay 3y
El— +co-= ——= =q(R,0,7,t) + F(R,y,2,t 1
P Cat+mat2 q(R,0,z,t) + F(R.y,z,t) 09

The motion-dependent aerodynamic force F(R,y,z,1), as
obtained by the slender-body theory outlined in the Appendix,
is

—__p2 v (9 0N
F(R,y,z,t) = — 7R p(a+lﬂ)(al+Uaz>y 2
where
=>\[Jo(>\)J1(>\)+Yo(>\)Y1(>\)]~J3(>\)—Y5(>\) 3)
NN =T, (M2 +HNY, (M) =Y, (M) ]2
P AJoN Y (M) =Y (M J; (M) ] @)

TN, N =T, (VI F N, (0 =Y, (M) 12

The fluctuating aerodynamic force g(R,8,z,7) is related to
the turbulent wall pressures p(R,6,z,f) on the cylinder surface
as

27
q(R,z,t) = - So P(R,8,z,t) Rcosfdd o)

Substituting the explicit forms of the motion-dependent and
fluctuating aerodynamic forces into Eq. (1), we have an
equation of motion for the aeroelastic system of the slender
cylinder and the axial turbulent flow,

4

o'y 87y
e 2UTR?p (a+ _]_
Elaz4 + [C+ TR p(a+if3) Pl v

3 52

+ [m+7rR2p(a+i6)]—f + 7R p(a+iB) U222
ar 972

27
=- SO p(R;e;Z,t)RCOSGdG (6)

Forced Vibration of the Cylinder

The basic features of the aeroelastic system, of which the
slender cylinder is the key element, are the interaction of the
cylinder motion and fluid motion consisting of the mean flow,
freestream turbulence, boundary-layer turbulence, and wake
turbulence (if any). On the assumption that the cylinder
motion does not alter the characteristics of the turbulences in
the flowfield, the buffeting response of the beam can be
regarded as the forced vibration due to the fluctuating wall
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Fig. 1 Slender, flexible, circular beam in a turbulent flow and its
coordinate system.

pressures. The mathematical model shown in Eq. (6) for the
cylinder buffeting is therefore nonautonomous.

Assume p(R,8,z,1) is a stationary random process with zero
mean and is continuous in the quadratic mean sense; then its
Fourjer transform is a random process defined by the
quadratic mean integral

S P(R.6.2,1)edt=P(R,6,2,0) @)

Similarly, we can define the Fourier transforms of ¢(R,z,?)
and y(z,f) as

|7 aranewar=0rz0) @

and

gmm y(z, e dt=Y(z,w) ©)

According to modal analysis, we assume the solution of Eq.
(6) has the form .

Y@= Y, 0,(2)7,(2) 0)
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Substituting this modal representation of y(z,7) into Eq. (6),
taking the Fourier transformation of the normal coordinates,
and using the orthogonality condition of the normal modes,
we obtain

L
Y(z0) =L Y, (1,7 | Qze)s,(dz 1)
n j

where C,; is a complex matrix representing the system
receptance. Its real and imaginary parts are, respectively,

A=l [ (=0 — opl) b, + apa,;U? [0} — 28pUb, 0, /0, ]
(12)
an Zwﬁ [ (2§nQn _B“’Qﬁ)anj +“anj6U2/wﬁ +2al"Ubann/wn]
13

The spectral density of buffeting displacement y(z,?) is then
obtained as

S,(22,0)= Y333 ) ) 16,(2)6,(2") [CpClu] ™
n j m k

L pL
x| |, Sa@z"0)8; @60 (2" ded (14)

Assume that the damping of the aeroelastic system is small
enough so that each mode of the cylinder vibration is distinct
(i.e., no modal overlapping). The cross-product terms of
S,(z,z’,w) are then negligible and Eq. (14) simplifies to

S,(22,0) = 33 316, (2)$,(2") [CCly1 "
noj

L oL
X So So S,(z,2",w)0;(2)$; (2" )dzdz’ (15)

In terms of cross-spectral density of the wall pressure fluc-
tuations, the spectral density of the buffeting displacement of
the cylinder becomes

5,(2.2@) =Y, ) 6,(2)6,(2") [C,Cly] ' R?
n o j

X SOL SOL ¢;(2);(z") S:T S:w S,(z,2',0,0",0)

X cosfcos#’ d0do’ dzdz’ (16)

Effects of Turbulence Scales on Buffeting
To show the effects of turbulence length scales on the
buffeting of the cylinder, we assume that the fluctuating wall
pressures are spatially homogeneous. For a spatially
homogenecous and convective wall pressure field, the cross-
spectral density is?*

$,(2,2°,0,0,0) =S, (w)exp[— |E1/L; —iK &= Ix|/L;] (17)
Substituting Eq. (17) into Eq. (16) and integrating with

respect to the angular coordinate, we have the spectral density
of the buffeting displacement of the cylinder,

S, (22",w) = Y 316,(2)6,(2') [CyCly] 'S, (@) G(n)R?
noJ

L L
xSO SU 6,(2)8,(z' Yexp(— IE1 /L, —iK,£)dzdz’  (18)
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where

n . (e_h/n_”] 19)

27
Gp)=—— [7r+ To

I+7%

Up to this point, we have obtained in a double integral form
the general expression for the spectral density of the cylinder
buffeting. In the following, we focus on the case of a simply
supported cylinder beam to simplify the mathematical
treatment. For a simply supported beam, the normal modes
of free bending vibrations are

¢,(2) =v2/mLsin(K,z), n=12.3,... 20)
With these modal functions, it can be easily proved that the
coefficients a,; and b,; are, respectively, —(nm)?8,;/mL? and
zero. Hence, the matrix elements of the system receptance
become diagonal, namely,

A [1-Q2 —opQ —aul?K2/mwl]s,; 21

nj _wn

By =w212¢,Q, — BuQ2 — BulU?K2/ma3 18, 22)

The double integral of Eq. (18) with the modal function of
Eq. (20) can be integrated, with the result

0% o
I(mK, ,K.,L;)= [ 71 K2 +m]
2K2 [1+(—1)”“6_7L
mL [V +K71°

1+(_1)n+1efaL
[o? +K2]?

| e

Therefore, the spectral density of the buffeting displacement
of a simply supported beam in bending modes becomes

2R?
S, (z20) =" G(mS, (@) L 1 [CyCyl~
n j

xI(m,K,,K.L;)sin(K,z)sin(K;z") 24)
The influence of the axial correlation length of turbulences
on the spectral density of the beam buffeting can be seen from
the variation of the dimensionless factor mI(m,K,K ,L;)/2L
with respect to K, L ;. Figure 2 shows the variation of mlI/2L
with respect to the ratio of L;/L ({) for K, =0, namely, no
convection. The numerical values of miI/2L become very
small (=0), both when {<10-2? and when {>10 for all
modes, except for the first mode (n=1) when {>10. The
value of mlI/2L is a constant (0.4052) for {>10. For the
general case of K, #0, the factor I(m,K,,,K ., L;) becomes

2L;/m

I(mK, K., L)=—"1""__
( n 1) I+(KCL1)2

@23)

when the wavelength of the bending vibration of the beam is
much greater than the longitudinal scale of the turbulence
(K,L;—0). The spectral density of beam buffeting then
reduces to

, o Aum? 5
$(2.20) =757 OIS, (@R
xZE C,;Cy 1~ sin(K,z)sin(K;z") (26)

This expression shows that the cross-spectral density of the
beam buffeting is proportional to the ratio of L, /L, which is
very small, as Fig. 2 shows, for { being very small. Therefore,
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the spectra and mean square value of the buffeting beam are
very small as well. This result shows that the large-wavelength
motion of the beam (i.e., low-frequency vibration) does not
experience the net effect of small turbulent eddies.

On the other hand, when the wavelength of the bending
vibration of the beam is much smaller than the longitudinal
scale of the turbulence, i.e., K,L,—o, the factor
I(m,K,,K.,L,;)becomes

I(mK,, K. ,L;)= [+ (—1)"cos(K L)1 (2T)

4L
m(nr)?
and the spectral density of the buffeting beam becomes

8R?
$,(2,2",0) =G(1)S, (w)EE[C Cojl s

x [1+ (—1)"* cos(K.L)]sin(K,z)sin(K;z") 28)

When the modal index n becomes large (corresponding to the
high-frequency mode), the value of I(m,K,,K.,L;) becomes
small. Hence, the high-frequency modes make little con-
tribution to the buffeting of the beam. That is, the high-
frequency vibrations of the beam do not perceive the ran-
domness of the large-scale turbulences. This phenomenon is
also seen in Fig. 2.

For the special case of no convection (K, =0), the factor /
becomes

I(mK,K.,L;)= [+ (=1)"*!] 29

4L
m(nr)?
When the modal index # is even, the values of I are zero, as is
the spectral density of the buffeting. On the other hand, when
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Fig. 3 Circumferential influence function G(3) vs the ratio of L,/R.
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n is odd, the value of I is 8L/m(nw)?, so that the higher odd
modes of the beam vibrations make very minute contributions
to the buffeting.

Similarly, we can investigate the effect of the cir-
cumferential length of the turbulence on beam buffeting by
comparing the values of L, and 2#xR. Figure 3 shows the
variation of G(y) with respect to 7 (the ratio of L,/R). For
both 5<10-2 and %>10%, the numerical values of the
dimensionless factor G(n) are very small and approach zero.
Hence, the spectra and the mean square value of the buffeting
beam are zero when n—0 and 5 — c. This phenomenon is very
similar to the effect of the axial correlation length and the
same reasoning is applied here. However, the circumferential
correlation has a maximum when the circumferential scale of
turbulences is the same as the radius of the beam.

Conclusion

This paper presents an analytical investigation of the
buffeting of a slender beam of circular cross section in an
axial turbulent flow. The analysis provides a simple, but
rigorous, formulation to determine the buffeting response of
a slender beam in two-dimensional turbulent flows and to
investigate the effects of turbulence scales on beam buffeting.

The results show that the transverse buffeting of a slender
flexible beam in axial turbulent flows greatly depends on the
ratio of the longitudinal scale of the turbulences to the
wavelength of the beams’s bending vibration and on the ratio
of the circumferential scale of the turbulences to the cir-
cumference of the beam. When either of these ratios is
vanishingly small, corresponding to the case of vibration
(especially low-frequency vibration) of the beam in small-
scale turbulence fields, the buffeting response of the beam is
proportional to that ratio and hence is negligible. On the other
hand, when either of the ratios is infinitely large
(corresponding to the cases of beam vibrations in a large-scale
turbulence field), the circumferential effect of turbulence is
very small and the longitudinal effect of turbulence is
dominant in the first mode. Large-scaie turbulences have a
very minute effect on the other modes. Therefore, the buf-
feting response caused by high-frequency vibrations in large-
scale turbulences is vanishingly small. All the above results
are quite similar to those of the gust response of a rigid air-
plane to atmospheric turbulences, as reported in Ref. 5. This
is not surprising, because the rigid airplane is an ideal model
of the elastic airplane and the atmospheric gust reveals
random, turbulent motion.

When the wavelength of the bending vibration of the beam
is very large compared with the longitudinal scale of tur-
bulence, the flowfield seems to be smooth with respect to that
particular mode of vibration. Thus, the beam responds to the

null effects of the turbulences. On the other hand, if the .

bending vibration wavelength of the beam is quite small
compared with the longitudinal scale of the turbulence, a
turbulent eddy covers many wavelengths in the bending
vibration of the beam, so that the flowfield seems to be
stationary with respect to these modes of vibration and the
beam behaves in a quasistationary manner, as it does in
laminar flow. The unsteady turbulences do not have much
influence on the beam vibrations, except in the first mode.

In many practical cases of aeronautical structures in flight,
both limiting cases are possible, because the size of the
separated vortices or turbulences associated with the flight
covers a wide range of length scales. The most important
situation is that when the bending vibration wavelengths of
the structure components are comparable with the
longitudinal lengths of the turbulent eddies or when the radii
of the structure components are close to the circumferential
lengths of the turbulences, the buffeting responses from all
modes (especially the first mode) of the structure components
are dominant and severe. The total buffeting response of the
structure is the summation of the individual contribution to
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buffeting from each mode of the structure-component
bendings.

Appendix: Self-Excited Aerodynamic Force

Early in the 1960s, Sir James Lighthill applied the slender-
body theory to treat the problem of a slender fish swimming
in an inviscid, incompressible flow!? and obtained the in-
stantaneous lift per unit length of the fish and the work rate
done by the fish movements. He also considered the bound-
ary-layer effects on the flow and the dynamics of the fish
movements. In 1971, Wu also used the slender-body ap-
proximation to investigate the hydrodynamics of swimming
propulsion of a slender fish with side fins in an inviscid in-
compressible flow,’ in which the shedding of vortex sheets
from sharp trailing edges was considered in great detail.

Recently, Paidoussis and Ostoja-Starzewski employed the
slender-body theory to determine the self-excited
acrodynamic force on a circular, flexible cylinder in a circular
duct of compressible flow.? They have obtained two- and
three-dimensional solutions for the aerodynamic forces;
however, they neglected the possible effects of vortex shed-
dings resulting from steep gradients of the displaced boundary
on the flow and on the dynamics of the cylinder. This kind of
approach is permissible only if the cylinder is very long, such
that the disturbed flow caused by the motion of the cylinder is
two-dimensional, i.e., with no axial dependence. The same
approach is used in the following to determine the self-excited
aerodynamic force on a circular beam-rod vibrating in an
unbounded compressible flow.

The velocity potential of the disturbed-fluid motion caused
by the small motion of the cylinder beam, as Fig. 1 shows, is
governed by

19¢
v? == Al
¢ ST (A1)
and the boundary conditions by
00 [a v ] 6 A2
ar g Lot "oz PO (A2)

and ¢ is outgoing.
The complete solution of Eq. (Al) in two-dimensional (r,6)
coordinates is

H] (kr)
o~ Ho it

Ui } cosf (A3)
H(N g

az

for harmonic disturbances. The pressure caused by the
disturbed flow is given by the linearized formula

0

The aerodynamic force on the beam per unit length is the
integration of the pressure around the beam circumference.
That is,

27
F= SO DpsRcosfdf (AS)

Substituting ¢ into this equation and perfoming the in-
tegration, we have

F=—xR%p (oz-HB)[a vud ]2 (A6)
7z
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with « and $ being defined in Egs. (3) and (4). This simple
solution does not take into consideration the effects of the
variation in the beam cross section and the modal shapes of
the beam on the unsteady aerodynamics. To account for the
modal shape effect on the unsteady aerodynamic force, the
methods shown in Refs. 26 and 27 are appropriate.
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